Two-way relaying is one of the major applications of broadband communication satellites, for which Physical Layer Network Coding (PLNC) is an efficient technique. Earlier studies have considered satellites employing PLNC with onboard processing. This paper investigates the performance of PLNC over non-regenerative satellites, as a majority of the operational and planned satellites do not have onboard processing. Assuming that the channel magnitudes of the two users are equal, two operating conditions are considered with uncoded-QPSK relaying. In the first operating condition, both users are completely synchronized in phase and transmit power, and in the second operating condition, phase is not synchronized. The peak power constraint imposed by the satellite amplifier is considered and the error performance bounds are derived for both the conditions. The simulation results for end-to-end Bit Error Rate (BER) and throughput are provided. These results shall enable communication system designers to decide system parameters like power and linearity, and perform trade-off analysis between different relaying schemes.
I. INTRODUCTION
Satellite communication is an attractive solution for extending the reach of broadband communications and cellular backhauling to rural and low population density areas [1] . To cater to the ever increasing user demands, satellites are required to provide higher throughput within a limited bandwidth. An alternative explored to reduce bandwidth consumption is Network Coding (NC) [2] . A recent experiment demonstrated Network Coding in a video conferencing situation over a non-regenerative satellite [3] . Further reduction in bandwidth is possible by using PLNC [4] , which has been studied extensively for terrestrial communication. A detailed review of PLNC can be found in [5] .
As the physical layer in a non-regenerative satellite communication system is different from terrestrial networks, several aspects need reconsideration. One important difference is that of peak-power constraint during transmission from satellite to ground. Another difference is that unlike terrestrial communication, certain satellite channels are slow varying, making it possible to use precoding at users [6] . In [7] , [2] , PLNC is suggested only for satellites with onboard processing. This excludes a large number of planned and operational communication satellites which are non-regenerative. In [8] , the performance of Analog Network Coding (ANC) over a non-regenerative satellite with nonlinear amplifiers is studied, but PLNC is not considered. To the best of the authors' knowledge there is no reference dealing with PLNC for nonregenerative satellites.
This paper investigates the performance of PLNC over nonregenerative satellites. The contributions of this paper are:
• Performance bounds are derived for PLNC with and without phase synchronization amongst users in AWGN satellite channel. • Peak power constraint is considered at the satellite amplifier and its impact on transmission of superposed constellation to hub is investigated. • Degradation in Broadcast (BC) phase performance due to peak power constraint is investigated. This is crucial even for satellites with onboard processing. Due to space restrictions, more simulation results, examples and illustrations have been made available in [17] .
The paper is organized as follows: The system overview and signal model are described in Section II. The impact of peak power constraint in the BC phase is described in Section III. The bounds on performance of PLNC with and without phase synchronization are derived in Sections IV and V. The results of simulations for end-to-end throughput and Bit Error Rate are provided in Section VI. Key results are summarized in Section VII and a list of topics for further research is provided.
II. SYSTEM OVERVIEW AND SIGNAL MODEL
Non-regenerative communication satellites are microwave repeaters which translate uplink frequency to downlink frequency and amplify the received signal before relaying it to ground stations. The satellite first transmits the signal from a user to a large ground station (hub) for regeneration before transmitting to other user. That is, the weak user-satellite link is cascaded with a strong hub-satellite link [10] to ensure minimal degradation in user-satellite link SNR. Thus, the satellite network has a star network topology with hubs (or gateways) coordinating communication between users. The disadvantage is that the additional channel uses required for satellite-hub and hub-satellite links result in reduction of spectral efficiency by a factor of two. In this paper single-beam satellites, or equivalently, users in a single beam of a multibeam satellite are considered. The satellite, users, and hub use single antenna each to transmit and receive the signals.
A. Satellite Links
There are four links in the satellite network with star topology [10] . The user to satellite link is called Return Uplink (RU) and the satellite to hub link is called Return Downlink (RD). The hub to satellite link is called Forward Uplink (FU) and the satellite to user link is called Forward Downlink (FD). When PLNC is used, both the users transmit together, and hence the links from users to the hub are called Multiple Access (MA) links i.e. MA-Uplink and MA-Downlink. Similarly, the hub transmission is common for both users, and hence the links from hub to the users are called Broadcast (BC) links i.e. BC-Uplink and BC-Downlink.
B. Signal Model
The PLNC signal model is provided assuming the users employing QPSK signal sets. However, it is applicable to other modulations also.
1) Multiple Access Phase: Consider users A and B attempting to exchange data through a satellite link. We shall follow the notation similar to [11] . Assume that A wants to send a 2-bit tuple to B and vice versa. The first phase of communication is from the users to the hub. The users transmit complex symbols from constellation S , a unit-energy QPSK (symmetric 4-PSK) constellation {± 1 √ 2 ± √ 2 }. Let : 2 2 → S be the function mapping the bits to complex symbols. If , ∈ 2 2 , then the transmitted symbols are = ( ), = ( ) ∈ S . The constellation is labelled as per Gray labelling. We also define a function : 2 2 → ℤ 4 mapping the bits to the set ℤ 4 = {0, 1, 2, 3}. If , ∈ 2 2 , then the symbol labels are = ( ), = ( ) ∈ ℤ 4 . Let the channel coefficients of A-to-satellite and B-tosatellite links be ℎ and ℎ respectively. We consider the ubiquitous Fixed Satellite Service (FSS) scenario, where the user terminals are fixed and the line-of-sight channel is slow varying [1] . As channel amplitudes in such channels change at time-scales much longer than frame duration, power control can be easily implemented [6] . Thus, |ℎ | = |ℎ |. For simplicity, attenuation and amplification in the links are assumed to be unity. In addition to this, two cases are considered. In the first case, also called PLNC with precoding, the users are phase synchronized. Thus, without loss of generality, ℎ = ℎ = 1. In the other case, phase is not synchronized. Hence, ℎ = ℎ , where the relative channel phase shift is ∼Unif [0, 2 ). The satellite receives , a noisy and scaled superposition of and , given by
where the additive noise is C N (0, 2 , ), and C N (0, 2 ) denotes the circularly symmetric complex Gaussian random variable with variance 2 . The received signal is amplified by the High Power Amplifier (HPA) on the satellite during which the instantaneous magnitude of the signal is limited by the peak power constraint [10] . However, in PLNC with precoding, the superposed constellation has four times the peak power of each user signal (see Appendix A), potentially saturating the amplifier. This problem was pointed out in the context of Analog NC in [2] . The amplified signal is transmitted from satellite and received at the hub as,
where the additive noise is C N (0, 2 , ), and the function (., ) is the transfer function of the non-linear amplifier with peak output magnitude constrained to . For a given channel phase-shift , the constellation received at the hub, S ( ) is given as
where, is 0 when users are perfectly synchronized. On this, the hub performs Maximum Likelihood (ML) decoding to estimate the transmitted pair ( , ). 2) Broadcast Phase: Instead of transmitting the estimated pair, the hub applies a many-to-one map, also called a denoising map on the received constellation [12] . That is, the higher cardinality received constellation is mapped via a many-to-one map to a constellation of smaller cardinality, say S , . For perfect power control and random phase scenario, only two many-to-one maps (of cardinality 4) need to be used. The first one is the bitwise XOR and the other is a rotated version of the same [13] . Both maps are shown in Fig. 1 . The denoised symbol is subsequently transmitted to the satellite. The signal received at the satellite, , , is given as,
where ∈ S , , and the additive noise , is C N (0, 2 , ). The satellite amplifies this signal and broadcasts it to users A and B, which receive,
where and are additive noise C N (0, 2 , ). For both the cases considered in the paper, QPSK is used in the BC phase. Thus, there is no distortion due to the peak magnitude constraint. 3) Non-linearity Model: In the signal model described earlier, non-linearity is introduced in the system through power amplifiers on the satellite. It is possible to use pre-distortion to create highly linear power amplifiers, but the peak power constraint remains a fundamental limitation. Therefore, the amplifier is modelled as a memoryless device that imposes a peak-magnitude constraint without phase distortion [14] (also called soft-limiter).
Let represent the input to the amplifier and denote the peak magnitude allowed at the output. Without loss of generality, the gain of the amplifier is assumed to be unity. Since the amplifier is assumed to be memoryless, the output is not dependent on input at any other time. Thus, the output = ( , ) can be described as:
Since the constellation S comprises of unit magnitude complex symbols, = 1. This ensures that the output is same as the input when PLNC is not used.
III. BROADCAST PHASE CONSTELLATIONS
When |ℎ | ∕ = |ℎ |, two-way relaying using QPSK signal set requires the use of 5-point constellation in BC phase [12] . In general, the broadcast constellation may have non-standard (i.e. not power of two) cardinality [12] . Such constellations, with an additional property of having good Euclidean distance can be obtained using the Greedy Sphere Packing algorithm [13] . This algorithm not only maximizes the minimum Euclidean distance of a constellation under average power constraint but also takes into account the probability of occurrence of each symbol in the denoising map. For QPSK relaying (with the probability distribution of symbols given in [13] ), we get the 5-QAM constellation shown in Fig. 2b .
The minimum distance of this 5-QAM constellation is higher than that of 5-PSK. This results in 0.5 dB gain in Symbol Error Rate (SER) performance over the 5-PSK case. However, in a channel with peak power constraint, the higher Peak to Average Power Ratio (PAPR) of 5-QAM leads to poor performance compared to 5-PSK. The SER performance of both constellations with and without peak power constraint is shown in Fig. 3 . The input symbol distribution is the same as [13] . This sub-optimal performance of Greedy Sphere Packing can be attributed to its approach of building up the constellation, i.e. optimizing a subset of the constellation and then expanding it. It is clear (using 5-QAM as an example) that for a given constellation, the minimum distance of any of its subsets is always greater than or equal to the minimum distance of the entire constellation. The same is not true for PAPR. Thus, the constellation obtained in this manner is not guaranteed to be optimal in terms of PAPR. Since this paper deals with AWGN channels with power control, only QPSK is used in broadcast phase. However, if the power control is imperfect, the use of 5-point constellations may be necessary and 5-PSK should be used instead of 5-QAM since it performs better (though not proven to be optimum). The problem of designing nonstandard cardinality constellations with peak power constraint remains open.
IV. PERFORMANCE OF PLNC WITH PERFECT SYNCHRONIZATION
Perfect synchronization of users is equivalent to having Channel State Information at Transmitters (CSIT). This is not feasible for rapidly varying terrestrial communication channels. However, for fixed satellite terminals and geostationary satellites, the amplitude and phase vary slowly [6] ; and CSIT can be assumed. Under this assumption, the bit-wise XOR function is the optimum denoising map for PSK signals [13] . That is, the denoised symbol = ( ) ∈ C , where = ⊕ . The minimum distance of the superposed constellation after applying the XOR map is same as that of the transmitted QPSK signal (see Fig. 4 ). Thus, in the absence of any impairment, the BER performance is same as the case when PLNC not is used, but the throughput is doubled [4] .
In satellites with onboard processing, the signals are decoded at the satellite and depending on the channel coefficients, mapped to a symbol from a constellation of appropriate cardinality, and transmitted. However, in a non-regenerative satellite system with star network topology, the superposed signals have to be transmitted to the hub for processing. The superposed constellation has higher PAPR as well as higher cardinality. In order to avoid clipping distortion from power amplifier, the superposed constellation is scaled. This leads to degradation in return downlink (satellite-to-hub) SNR. Considering these factors, the probability of bit error is evaluated based on the approach provided in [15] . Let , and , be the bit error probabilities associated with the MA and BC phases respectively. A received bit is in error if there is an error in either MA or BC phase. Therefore,
In the broadcast phase, two links with different SNRs are cascaded. First, a relation is established between SNR in the link with PLNC and SNR in the link without PLNC. Let the SNR of a given link be denoted by with appropriate subscript. Since the BC link is the same as forward link without PLNC,
The equivalent SNR of a link formed by cascading two nonregenerating links is given by [9] ,
Therefore, the probability of bit error in the broadcast link is,
In the MA link, the average energy of superposed constellation is twice that of transmitted QPSK constellation. Hence the received SNR at the satellite with PLNC is double compared to that without PLNC. In the downlink, the signal is scaled in order to avoid clipping. This results in the average energy being halved (see Appendix A). Thus, the relation between SNR in the links with and without PLNC are, , = 2 ,
Since scaling does not change the constellation, the equivalent SNR can be calculated as,
The final step is to evaluate the error performance of the 9point constellation. The decision regions of the received constellation along with the corresponding mapping (clustering) at the relay are shown in Fig. 4 . The map from integers 0, 1, 2, 3 indicated in the figure correspond to the two-bit tuples for as 00, 01, 10, 11 respectively. Let be the average energy of the transmitted QPSK constellation, and 0 be the noise power density. The points mapped to 0 in the 9-point constellation, have two neighbors at a distance 1 = √ 2 , and one at a distance 2 = 2 √ . Similarly, points mapped to 1 and 2 have three neighbors at a distance 1 and two at a distance 2 . The central point mapped to 3 has four neighbors at a distance 1 and four neighbors at a distance 2 . Let the superposed constellation be denoted as S . If the probability of a point ∈ S is denoted by , the average probability of clustering error [12] is, 
An error in clustering can result in multiple bits being in error.
As an upper bound, we take , = , .
V. PLNC WITHOUT PHASE SYNCHRONIZATION
In this section, the performance of QPSK PLNC is analyzed when precoding is not possible at the users. That is, the users are not phase synchronized. The minimum squared Euclidean distance is no longer 2 , but a function of the channel phase shift . The advantage of using two maps adaptively instead of one fixed map (in terms of minimum distance) is shown in Fig.  5 . It is obvious from the figure that the BER performance will be poorer compared to the precoded case. The broadcast link is same as in the previous case. Thus, only the probability of error in the MA link is analyzed. For a phase shift , the received constellation at the relay is denoted by S ( ). 
Consider points
, ∈ S ( ) such that they belong to different clusters. If the noise power is 0 , the signal-tonoise-ratio (SNR) is defined as / 0 and the probability of clustering error for a given is,
Since the channel phase is random, with uniform probability distribution ( Θ ( ) = 1 2 ; 0 ≤ < 2 ), the average ; assuming perfect synchronization.
probability of error for a given pair is,
By symmetry (see Fig. 5 ), and using Appendix B,
where is calculated by cascading the MA uplink and downlink. It can be observed that there are 8 points, each having two closest neighbors belonging to a different cluster. The probability of each point occurring is 1/16 and hence,
.
This integral is evaluated numerically at required SNR. The remaining analysis is same as that of previous section and hence omitted.
VI. SIMULATION RESULTS
In this section, the simulation results for hub-based nonregenerative satellite system with onboard non-linearity are provided. Unless stated otherwise, the signal is scaled to avoid clipping. The reference system parameters are:
Since the hub is much larger than user terminals, the SNR of satellite-hub links is much higher than user-satellite links. For a given a transmission frame length, the throughput of the communication system is defined in terms of the Frame Error Rate (FER) and spectral efficiency ( ) [12] as, To make the simulations consistent with existing results [12] , [13] the length of a frame is assumed to be 256 symbols. The BER is calculated by considering at least 100 error instances at each step of / 0 .
A. QPSK PLNC with Phase Synchronization
The BER performance for PLNC with perfect synchronization is provided in [17] and the throughput performance is provided in Fig. 6 . It is seen that with two way relaying using QPSK and PLNC a throughput of 1 bits/s/Hz is achieved using the same bandwidth as QPSK without PLNC. Also, it is clear that scaling performs better than clipping. To compensate for the increased BER caused by peak power constraint a penalty has be to paid in terms of increased user uplink power. The estimated and simulated BER performances for different uplink power levels are shown in Fig. 7 . It should be noted that the penalty is paid only in terms of user uplink power. The transmit power requirements at the satellite and the hub are same as when PLNC was not used. Also, the error floors in Fig. 7 are a result of fixing SNR in Return Uplink.
B. QPSK PLNC without Phase Synchronization
It is observed that the fixed XOR map has very poor performance in this channel [17] . If adaptive mapping is used, the map C 0 is chosen when the channel phase shift is in the range 0 /4, 3 /4 5 /4, and 7 /4 2 . For all other , C 1 is used. Although this results in improved performance, it is still poor compared to the perfect synchronization case. The end-to-end BER performance for this case is provided in Fig. 8 . The upper bound confirms to the trend in the BER curve and becomes tighter at higher uplink / 0 .
VII. DISCUSSION AND FUTURE WORK
It was shown that PLNC doubles the throughput for nonregenerative satellites despite the peak power constraint. Considering the bandwidth needed for hub links, end-to-end throughput is half that of the case when onboard processing is used. However, it is better than the case where PLNC is not used at all. In terms of handling the peak power constraint, clipping has poor performance when compared to scaling. When users are perfectly synchronized, the Return Uplink (MA Uplink) SNR needs to be increased to keep the BER at the same level as when PLNC is not used. When users are not phase synchronized, the penalty in BER is much higher. This provides a strong motivation to explore algorithms and techniques for precoding. The present work brings out several interesting problems that can be investigated:
• The performance analysis can be extended to other modulations. • Designing constellations with non-standard cardinality that are also optimal in the sense of PAPR. • PLNC may need to be used for users in different beams of a multi-beam satellite. This problem is very relevant due to increasing number of multi-beam satellites [1] . • The present work considered users, hub, and satellite using only one antenna for transmit and receive. PLNC for satellite based MIMO can be explored. • This work can be extended to terrestrial wireless systems where non-regenerating relays are used [16] .
APPENDIX A SCALING AND CLIPPING OF SUPERPOSED QPSK CONSTELLATIONS Let the peak energy and average energy of a constellation S be defined as
where is the probability that the constellation point is transmitted. For a unit-energy QPSK signal, the peak energy and average energy are equal to 1. In general, combination of two 4-point constellations results in a constellation with a cardinality of 16. However, when the fade coefficients are equal to one, multiple transmitted symbol pairs get mapped to the same point in the received constellation. Thus, a 9-point constellation is received ( Fig. 4 ), which has peak energy 4 and average energy 2.
However, the maximum magnitude at the output of the nonlinear device is restricted to 1. To avoid clipping, the signal is scaled-down by a factor of 2 before the input of the non-linear amplifier (Fig. 9a) . The peak and average energy at the output are, = 1 and = 4 16 ×0+ 8 16 × 1 2 + 4 16 ×1 = 1 2 . This implies that even though the amplifier is capable of providing average energy 1, the signal can extract only half of it. This results in a 3 dB reduction in SNR of that link as compared to when PLNC is not used.
If the signal is not scaled, it is clipped by the nonlinear device. In that case, (Fig. 9b ) the peak energy and average energy are, = 1, and = 12 16 ×1+ 4 16 ×0 = 0.75. The average energy in this case is greater than that of scaled signal, which generally indicates better performance. However, as the noise variance is not scaled uniformly during the clipping For example, noise around the constellation point 0 + 0 is accumulated over MA uplink and downlink without getting clipped. If the signal is scaled, the noise around each point (from the first link) is also scaled. Thus, SNR is not affected.
APPENDIX B MINIMUM EUCLIDEAN DISTANCE OF SUPERPOSED CONSTELLATION IN QPSK PLNC
The constellation seen at the relay, S ( ), is formed from 16 pairs of transmit symbols. The many-to-one map at the relay aims to maximize the minimum distance between all pairs of points in S ( ) which do not belong to the same cluster. Consider one such pair of points in the received constellation corresponding to (3, 0) and (1, 3). These points belong to different clusters in both maps C 0 and C 1 and have minimum distance. As varies, the squared Euclidean distance between the received constellation points representing the symbol pairs changes. Let vary from 0 to /2. In that range the minimum squared Euclidean distance, 2 ( ), is given as 2 ( ) = 1 2 ((−1 + ) − (1 + ) + (1 + ) + (1 + )) 2 = 2 (3 − 2( + )) .
As expected (see Fig. 5 ), 2 (0) = 2 ( /2) = 2, and at = /4, 2 ( ) attains its minimum value of ∼0.34.
